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V. L. RVACHEV'S QUASI-GREEN'S FUNCTIONS METHOD
IN THE THEORY OF HEAT CONDUCTION

M. D. Martynenko and E. A. Gusak UDC 517.947.43

We present a generalization of V. L. Rvachev's method of quasi-Green's func-
tions in connection with the solution of mixed problems for the heat-conduc-
tion equation in noncylindrical domains.

Let Q be a domain in a space of n + 1 dimensions (n = 2, 3), the boundary 3Q(S¢ + St +
Sg) of which is represented by the normalized equation w(P, t) = 0, where P is a point with
the coordinates (x;, Xg, <+, Xn)- We assume that (P, t) is twice continuously differen-
tiable with respect to the spatial coordinates and once continuously differentiable with
respect to t; moreover, w(P, t) > 0 for all (P, t)€Q/8Q [11.

In the domain § we consider the problem of finding a solution of the heat-conduction
equation

1 0
u=fL=A———},
L f( a’ (?t) (1
satisfying the conditions
4] 5,0 = O, (2)
u\t__:to:O. (3)
It was shown in [2] that an arbitrary solution of the heat-conduction equation (1),
twice continuously differentiable with respect to (xy, ..., Xp) and continuously differen-
tiable with respect to t, can be represented in the following form:
. 1) ou dv
uP, y=—e{{ ... {|v——u—|dSdl' +
(P, 1) )5 Sy y( on’ anJ
’ (4)

N f;’ fuedv + | "f;.’ {wocos(n*, Hds’ —a tf § -Z);f vLudvdt,

where

, N ____Ii_; (5)
0=, P\t )= (e Jem 4a‘~’(t-—t')) |
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§ is the fundamental solution of the heat-conduction equation.

Green's second formula for Eq. (1) may be written

L o t () d d o " . ug

tjjbz"j'(gLu——uMg)det :_Zgoy . S(g—gf?-—ub—’g—) asiar + [ [ a4 .
(n—1) , ,

+ o [ 2 cos(nv, tyas’— gtf)’.S-L—;%dr,

where M = A + 1/a® 3/3t is the operator adjoint to the heat-conduction operator L.

It follows from Eqs. (4) and (6) that

P s
u(P, t):——aztjo‘j s S(gLu——uMg)dt dt’ —

4

-t (n—1) ;) d s (n) . (n) ,
_az” 5 S(g—a%, —ua—f,)det + o Juae = [ fuges +

[

(n—1) , bt M w9 asrar

[y Juseso, s — e [ (107 (00 — T asar +

+ . fuédr" + f(r"_'l-) [ ud cos (n*, t)dS’ —a? (t f '(,f)'j‘ Studvde’.
Gy, Sp j ' o

to

We rewrite the last relation in the form
P L) ()
= —q? & Ludt' dt' + g2 cor VuMgdt'dt + (.. 8)dt’ —
u(P, 1 a£561,5<g+> + igoyot,yugr f oy fule o
C ety 0 il - (n—1) (n) (7)
n— n n— n
—at cee 6) — —u — 8) | dS'dt’ oot - 8) cos (n*, t)dS’ — |-
#1175 fleross—ute+ )| asiar + [ fute + s, pas — [

XugdSﬁ

As g we choose the function
‘ 1 " 7 + 4o (P, o (P, t) \
P,P,, t, =| —————e—— €X —_ . - i (8)
¢ =) | wi—v) )
By virtue of the relations (5) and (8) we have
g+ 8 i pup =0 g+ 855 =0. (9)
We then obtain from the relation (7), taking into account the relations (1)-(3) and (9),
(n) 4 (n) ’ ' ’ 47
oo ferdfavat @ (- [u@, OKP, Pt Odvdt, (10)
o th
to

¢
u(P, t) = —a? .
(P, 1) a ;S »

where

, N o (P, 1) Hr”%ﬂﬂﬂm@ﬂﬂ)
Kb, Pt N=a (t—1t)(2aVa(t—1)) exP( 402 (t —1') :

AN . (D’ 4

% o(P, ) yalP’, ') —r-ya(P, )—o{P’, ¢ )——Mco P, t’)].
E({—1)

Ordinary considerations [1] readily serve to establish the continuity of K(P, P', ¢, t')

in the domain Q; Eq. (10), therefore, represents a Fredholm integral equation of the second
kind for determining the solution of the initial problem (1)-(3). Established numerical

methods [3] may be employed to solve Eq, (10).

This version of V. L. Rvachev's quasi-Green's function method may also be immediately
generalized to the case of nonhomogeneous initial and boundary conditions.
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NOTATION

G, a finite domain of a three- or two-dimensional space; S, the piecewise-smooth
boundary of the domain G; Gy, (Gy ), the spatial domain for t' = const (t0 = const) with
the boundary Si: (St )3 t tlme, dS', area element of the boundary G; dt', volume element
of the domain G; n' = n (P', t'), inner normal to the boundary Sf' at the point P'; r =
V(x-x")2 + (y-y')%2 + (z-z')? in the three-dimensional case, r = V(x-x')2 + (y-y')? in the
two-dimensional case; n*, inner normal to the boundary of the domain Q; t, unit vector along
the Ot axis.
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